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§1 About 

Hilbert C*-modules are a often used tool in operator theory and in theory of operator algebras. 
Beside this, the theory of Hilbert C*-modules is very interesting on it's own. Interacting with the 
theory of operator algebras and including ideas of non-commutative geometry it progresses and 
produces results and new problems attracting attention. 

At the contrary, the pieces of the theory of Hilbert C*-modules are rather scattered through the 
literature. Most publications explain only as many definitions and results as necessary for the 
striven for applications of this theory. However, there are some papers and chapters in monographs 
collecting parts of the theory as well as E. C. Lance's well-written lecture notes. 
The purpose of the present reference overview is to show a practicable way for systematic studies 
of the theory of Hilbert C*-modules. Great emphasis is put on the historical consistency of the 
presented sources following the line of ideas and applications. Since the term "Hilbert ... modules" 
is in use for at least five mathematically more or less different concepts one has always to pay 
attention what kind of theory is considered. For the convenience of the reader we list the basic 
publications for all known concepts wherein the notion "Hilbert ... modules" appears. As a guide 
we refer to some basic publications on Hilbert C*-modules representing essential achievements of 
the theory. A second guide gives a short list of research fields wherein Hilbert C*-modules are in 
use very actively, and some publications representing these ways of application. 
The reader has to take into account that the choice of the sources is dominated by the author's re- 
search interests and linguistic proficiency, as well as by the local availability of sources. He apologizes 
for a probable insufficient representation of the work of some colleagues in the present overview. All 
suggestions, corrections and supplements are welcome. 



modules": 



§2 Guide (part I) 

Roots of the quite different notions of "Hilbert 

I. Kaplansky, 1953, $L7% , H. Widom, 1956, [ |413| | : AW*-algebras, inner product AW*-modules 
(Kaplansky-Hilbert modules). 

R. M. Loynes, 1965, [|l6): VH-spaces, LVH-spaces. 
R. G. Swan, 1962, 



[359 



J. Dixmier and A. Douady, 1963, | |77| : vector bundles, projective 
modules. 

A. O. Takahashi, 1971, §6|, |63l K. H. Hofmann, 1972, p7|, M. J. Dupre, 1972, (79[ |(J 
|l), (H. Takemoto, 1973-76, f^]36|, |67|,) J. Varela, 1974, |9§: Hilbert bundles, continuous 



fields of Hilbert spaces and of Banach algebras / A categorial equivalence between (F)Hilbert bundles 
on compact spaces K and Hilbert C(K )-modules. 

N. Wiener, P. R. Masani, 1957-66, gig, p5| , p34 , ~ 
1966, pi, P. P. Saworotnow, 1968J34 



36|, H. H. Goldstine and L. P. Horwitz, 
Hilbert (H*-)modules over matrix algebras/Hilbert*- 
algebras. (Hilbert H*-modules are Hilbert C*-modules iff the H*-algebra is finite dimensional, i.e. a 
matrix algebra.) [see the second list of references] 

D. Bures, 1971, J52]]: special W*-valued inner products on von Neumann algebras. 

W. L. Paschke, 1972/73, (28^, |28lJl : one trailblazing paper in Hilbert C*-module theory. 



M. A. Rieffel, 1974, [313, 314]: the other trailblazing papers, about Hilbert C*-modules and 
(strong) Morita equivalence of C*-algebras. 



Y. Kakihara, 1979-1984, JL64J, [L6§ [16§ [167|, [L6§ p70| : Hilbert B(H)-modules with trace class 
valued inner product. 



J. Pincket, 1986, [ 298 1 : inner product C*-modules where the values of the inner product belong 
to the duals of the underlying C*-algebras. 



(A. Frydryszak, L. Jakobczyk, 1988, Jl 1 8| : Hilbert modules over infinite-dimensional Grass- 
man-Banach algebras.) 

(R. G. DOUGLAS, V. I. Paulsen, 1989, @ (pfofl): "Hilbert modules" := Hilbert spaces with a 
special C*-module structure on them, but without C*-valued inner product) [see the third list of 
references! 



(N. C. Phillips, 1989, [|293j: Hilbert modules over pro-C*-algebras (i.e., over inverse limits of 
C*-algebras)) 

G. Zeller-Meier, 1991, 428 429| : Banach-C*-modules equipped with an C*-algebra valued inner 
product which is not necessarily C*-linear/C*-antilinear in its arguments. 

D. P. Blecher, 1995, j3^, |34|: Hilbert modules over non-self-adjoint operator algebras, extending 
the concept of Hilbert C*-modulcs / an alternative approach to Hilbert C*-modules. 

Useful papers about Hilbert C*-modules from an axiomatic point of view on the theory: 
I. Kaplansky |l77|/ H. Widom §tt^/ W. L. Paschk e p8lj [283| / M. A. Rieffel |313j |3~14| / 



G. G. Kasparov fl8J/ M. J. Dupre, P. A. Fillmore 
itskyJH|/ J. Cuntz, N. H lGSQN O. G. FlLIPPOV 



M. I. Gekhtman |120| / E. V. Tro 
/ J.-F. Havet |l36t[ / H. Lin f20~ 



20g|21J/ G. Zeller-Meier |2§|42J/ S. Zhang, TO M. Hamana (135|/ E. C. Lance [202]/ 
L. G. Brown, J. A. Mingo and Nien-Tsu Shen, @/ V. M. Manuilov f22(| ^30|, |2§/ 



M. Frank flQg| . 
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Ph.D. thesises using Hilbert C*-modules essentially: 



A. O. Takahashi, 1971, fl364j/ M. J. Dupre, 1972, |79j/ W. L. Paschke, 1972, pSOfl / W. Beer, 
1981, ||/ J. A. Mingo, 1982, §38)/ N.-T. Shen, 1982, f||/ V. A. Trofimov, 1987, §7§/ 



J. Weidner, 1987 |09[ / Y. Yang, 1987, W25|/ M. Lesch, 1988, (206|/ S. Zhang, 1988, |43J / 
M. Frank, 1988, ]104|/ B. Abadie, 1992, [§/ Huu Hung Bui, 1992, @/ S. P. Kaliszewski, 
1994, (ml. 



Books / Chapters in books and monographs about Hilbert C*-modules: 



Book: E. C. Lance, 1993, [|202 | 
Chapters: A. S. Mishchenko, 1984, 1246 



/ B. Blackadar, 1986, @ / V. I. Istratescu, 

) / 



1987, [|153j / N. C. Phillips, 1989 [P92f / K. K. Jensen/K. Thomsen, 1991, |57J ([B72 
N. E. Wegge-Olsen, 1993, Eo§ (jojf) / H. Schroder, 1993, ||1/ A. Connes, 1994,163 



§3 Guide (part II) 

The aim of this guide is to claim some bigger areas of research, where Hilbert C*-modules have been 
used very actively and successfully. Listing an author's publication means to list it as an example 
of a useful application of the theory of Hilbert C*-modules in that area of research. Of course, the 
main contributions to the subjects listed below often rest on quite different mathematical methods. 
To keep the guide short and instructive we mention only a few publications. For further sources the 
reader has to consult these publications and the references therein. 



K-theory and KK-theory of operator algebras (G. G. Kasparov's approach): 

D. Voiculescu, 1980, p97| / 



G. G. Kasparov, 1980-90, |18 
G. Skandalis, 1984/88/91, [§55 



187J |!88j, |190| / M 
56j |357|/ W 



V. PlMSNER, 

L. Paschke, 1985, 



|285]/ M. V. PlMSNER, 
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1985, fl29H / E. V. Troitsky, 1985, f7§/ B. Blackadar, 1986, @/ J. Cuntz, 1986, JM/ 
N. C. Phillips, 1987/89, g89|, p92) / M. A. Rieffel, 1987, |2§/ J. A. Packer, 1988, p75fl / 
J. Rosenberg, 1990, p3§]/ K. K. Jensen, K. Thomsen, 1991, ]l57|]/ S. Zhang, 1991/92/93, 



1 438, 439, 446, |49|/ N. E. Wegge-Olsen, 1993, [408]/ and others 



Strong Morita equivalence of C*-algebras and its application to group representation theory: 
M. A. Rieffel, 1974, |l|,|l|)/ L. G. Brown, P. Green, M. A. Rieffel, 1977, gfj/ P. Green, 
1978, pi/ W. Beer, 1981/82 J^H/ h - h - Zettl > 1982, ||§ ||l)/ F. Combes, H. H. Zettl, 
1983, |f/ F. Combes, 1984, |J/ I. Putnam, 1985, fo|/ R. J. Plymen, 1986/90, [||| |30l| / 
T. Kajiwara, 1987, (l62)/ J. A. Packer, 1988, [§7f / P. Xu, 1991, gfj|/ K . Mansfield, 1991, 
1 225) / S. P. Kaliszewski, 1994, f7§ [lT^] / S. Echterhoff, 1993-9X"© 11/ J - Q UIGG and 
I. Raeburn, 1995, |7|, |o|, Q/ and others. 



Normal operator-valued weights (resp., conditional expectations) of finite index between C* 
algebras / Correspondences of C*-algebras: 

D. Bures, 1971, H/ A. Connes, 1980 
Y. Denizeau, J.-F. Havet, 1988 
others. 



|/ M. V. Pimsner, S. Popa, 1986, |296j/ M. Baillet, 
1)/ Y. Watatani, 1990, gol/ M. Frank, 1993, |l|/ and 



AW*-algebras and monotone complete C*-algebras: 

J J. D. M. Wright, 1969 

|33~ 



I. Kaplansky, 1953, fL77| / H. Widom, 1956, J413 
1971, |H/ K. Saito, 1971 



2GJ/ C. Sunouchi, 

|335| , |336| , |337j/ H. Takemoto, 1973, p65|/ E. Azoff, 1978, 
0/ O. Takenouchi, 1978, p68fl/ M. Hamana, 1979-..., |l30|, ^3l], |l3^ , |l33i [134| , p^5|/ M. Ozawa, 
1980-..., [p66]|26l, p68| p69C/ G. A. Elliott, K. Saito, J. D. M. Wright, 1983 J93|/ G. K. Pe- 



dersen, 1984/86, [286, 287|/ N. Azarnia, 1985, |6|/ M. Frank, 1991/93, [112, 113|/ and others 



Completely positive mappings between C*-algebras: 

W. L. Paschke, 1973, [ 281 / C. Anantharaman-Delaro che 1990, 0/ C. An ant haraman- 
Delaroche, J.-F. Havet, 1990, §/ J. A. Mingo, 1990, piij / H. Lin, 1991, ||207|| / J. Tsui, 
1996, |397| / and others. 



Mathematical and theoretical physics: 



M. Banai, 19 87, 122(1 / D. Applebaum, 1988, M/ P. Xu, 1991/92, [|42l| , |422|[/ N. P. Landsman, 
1993-94, [^| ^04|/ V. M. Manuilov, 1994, J23CJ/ Yun-Gang Lu, 1995, ^19|/ and others. 



Unbounded operators and quantum groups: 
M. Hilsum, 1989, PI / S. Baaj, P. Julg, 1983, @/ S. Baaj, G. Skandalis, 1989, M/ 



S. L. Woronowicz, 1991, |18[ S. L. Woronowicz, K. Napiorkowski, 1992, glj|/ E. C. Lance, 
1994, pOll/ and others. 



Vector bundles, (F)Hilbert bundles <-> projective C*-modules, Hilbert C*-modules: 

R. G. Swan, 1962, [p59| / J. Dixmier, A. Douady, 1963, HA. O. Takahashi, 1971, §||J36| 
361 / K. H. Hofmann, 1972, p7| / M. J. Dupre, 197 2, [^9] [SC| |l)/ J. Varela, 1974, $M, 
J. Fell, 1977, M/ M. A. Rieffel, 1983/85/88, (320l plTpl/ A. J. L. Sheu, 1987, P53fl/ 



R. G. Swan, 1987, [|36l)/ J. M. S. Fell, R. S. Doran, 1988, |8|/ and others. 



Rotation C*-algebras and related structures: 

M. A. Rieffel, 1981-83, [|l6[ |20|/ M. De Brabander, 1984, Q/ J. A. Packer, 1987/88, 
1 273] [275)/ S. G. Walters, 1994/95, gin], [40§/ G. A. Elliott, Lin Qing, 1995, |o|/ and 
others. 
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Other non-commutative geometry: 
A. Connes, 1980-..., |lf|, H, 0H/ M - A - Rieffel, 1990, p26| / J. Lott, A. Connes, 1992, 



1 2151/ J - Cuntz, 1993, |37 and others 



Topological applications: 
G. G. Kasparov, 1975-..., Jj|| |l87 

SHCHENKO, A. T. FOMENKO, 1979, 



A. S. Mishchenko, 1978-79, |4| g4§/ A. S. Mi- 
/ R. A. Biktashev, A. S. Mishchenko, 1980, pgf / 
V. A. Kasimov, 1982, |80|/ M. A. Rieffel, 1983, |l|/ J. Rosenberg, 1983-90, |330[ pl|,j332|/ 
M. Hilsum, G. Skandalis, 1983/1992, ||| (u|/ J. Kaminker, J. G. Miller, 1985, fl75l / 
F. Sharipov, 1985, ||§/E. V. Troitsky, 1985, §8(| ||| |sl |i87L |8§/ G. G. Kasparov, 



G. Skandalis, 1990/91, |191|, |192||/ and others 
Hilbert modules over pro-C*-algebras: 



N. C. Phillips, 1989, {29J/ J. Weidner, 1989, |410j [411[| / C. Schochet, 1994, |4J/ and others. 



Prediction theory of multivariate stochastic processes: 



N. Wiener, P. R. Masani, 1957-66, |l4j, ^15j, |234j , |233| |235| |236| /R. M. Loynes, 1965 , J217| / 
H. Salehi, 1965-67, ||| poj |34ll/ P. P. Saworotnow, 1983, |pj / H. Fuge, 1995, jll9| / 
U. Gerecke, J. Lorenz, 1995, |l 2 1| / A. Kokschal, 1995, Jl98{ / and others. 



Acknowledgement: I wish to thank all the colleagues who submitted preprints, reprints and copies 
of their Ph.D.'s, and who suggested sources concerned with the subject. Especially, I am indebted 
to E. V. Troitsky who brought his literature list to my attention, and to B. Kirstein who showed me 
the use of Hilbert modules in stochastics. 
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